
Two problems of the theory of

amorphous systems and their

interrelation
Two-level systems and Boson peak

V. L. Gurevich

A. F. Io�e Institute, Saint Petersburg

Cooperation with D.A Parshin and H.R. Schober



The same physical mechanism is fundamental for such seemingly

di�erent phenomena as the formation of the two-level systems

in amorphous dielectrics and the Boson peak in the reduced

density of low-frequency vibrational states g(ω)/ω2. This

mechanism is the vibrational instability of a system of weakly

interacting harmonic local vibrations. As a result, these two most

fundamental properties of amorphous systems are interconnected.



Two-level systems (TLS)

A number of unique properties of amorphous systems at very low

temperatures

Speci�c heat C ∝ T instead of C ∝ T 3 in crystals

Ultrasonic absorption ω2/T instead of ω4T in crystals

Thermal conductivity T 2 rather than T−b in crystals



Double-well potentials

Anderson, Halperin, Varma and Phillips (AHVP model)

Asymmetry ∆, tunneling amplitude D,

interlevel spacing E

E =
√

∆2 + D2

The AHVP model postulates almost constant (E -independent)

density of states P̄ . Experimental value of P̄ is about

1032 1/erg·cm3

D ∝ e−λ,

λ is uniformly distributed in some interval λmin < λ < λmax



The TLS's determine a number of low temperature properties of

disordered systems � explanation and prediction

I Speci�c heat C is proportional to the temperature T

I thermal conductivity

I ultrasonic properties

I microwave absorption

I echo

I and a number of other physical e�ects

Low-temperature property � at most several K



Boson peak is a maximum in g(ω)/ω2 (reduced

density of states). Speci�c heat, neutron and light scattering

The energy corresponding the maximum ~ωmax ≡ ~ωB is typically

several tens of K but still much smaller that the Debye energy ~ωD

Both TLSs and Boson peak are signatures of disorder in

the system



Quasilocalized vibrations (QLV)

.

QLVs may result directly from disorder. Regularly found in computer

simulations. Experiment: excess speci�c heat, inelastic light and

neutron scattering.

Theory � Karpov and Parshin; Buchenau, N�ucker and

Dianoux; Krivoglaz

The QLVs' cores represent low frequency vibrations of a relatively

small group of atoms.

Initial density of states g0(ω) [the initial DOS g0(ω) goes up

with ω]



One needs several atoms (usually more than 10) to build a QLV or

a two-level con�guration

Simulation � H. R. Schober



Why a QLV is quasilocal?

The QLVs interact with strain ε as

H = Λ · xε where Λ is a constant,

x is the coordinate describing motion of a particular QLV

As a result, there is a long-range interaction between each pair of

QLVs and they are coupled

Uhar(x1, x2) = M1ω
2
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, r12 is the distance between the QLVs

Typically |J | � Mω2
D � weak interaction



Diagonalization of equation for Uhar(x1, x2) yields two values for ω2.

The smaller value ω̃2
1 becomes negative for

J12 > Jc ≡ ω1ω2

√
M1M2

This means an instability � saddle point of Uhar(x1, x2).

In fact one has to consider a system of many interacting QLV's � a

low-energy QLV is surrounded by a cluster of high-frequency

ones; their in�uence can be treated in the adiabatic

approximation



As a result one gets the e�ective potential for a slow motion of QLV

U(x) = (k − κ)︸ ︷︷ ︸
K

x2/2

κ is a contribution of all high-frequency QLVs surrounding the

particular low-frequency one.

κ =
∑

i

J 2
1i/Miω

2
i

is positively de�ned (the subscript 1 refers to the low-frequency

vibration)

Forκ > k , orK < 0

ω2 is negative. This means instability



The oscillator is stabilized by anharmonicity, so that the total

e�ective potential is

Ueff(x) = (k − κ)︸ ︷︷ ︸
K

x2/2 + Ax4/4︸ ︷︷ ︸
Uanhar

, A > 0

A description in terms of Ueff(x) � soft potential model

Karpov, Klinger and Ignatiev; Il'in, Karpov and Parshin



For k > κ, Ueff(x) is a one-well potential, ω2 > 0 and the cluster is

stable. For k < κ the renormalized quasielastic constant K = k −κ
is negative, the cluster is unstable and Ueff(x) is a symmetric

double well potential. This is the vibrational instability. The new

frequency of vibrations ω̃2 appears to be independent of

anharmonicity

ω̃2 = −2ω2

As a result all low frequency modes ω2
i within the Boson peak region

ω . ωc � ωD , ωc ≈
|J |

MωD

move towards the boundary point ω2 = 0 and some cross this

point.



Any monotonous "tra�c"of ω2 from positive to negative values

(due to interaction between the oscillators) gives a constant

distribution of renormalized ω2 around zero

g(ω2) = Const, g(ω) ∝ ω

Here we made use of the smallness of |J | as compared to Mω2
D

that is due to the smallness of the QLV concentration as compared

to atomic concentration na.

The linear ω dependence of the reconstructed DOS gives

the universal "right wing"of the Boson peak, i. e.

g(ω)

ω2
∝ 1

ω
.



Random static forces

The origin of the right wing of the Boson peak (at higher

frequencies) looks somehow natural. The left wing of the Boson

peak (at low frequencies) appears as a result of the less obvious

secondary transformation of the linear DOS at smaller

frequencies.



Left wing of the BP � overview
The single-well potentials describing the unstable soft modes with

negative ω2 are replaced by double-well ones. The "particle"vibrates

in one of the wells and therefore has a non-zero average

displacements xi0 6= 0. Due to bilinear interaction between the

QLVs,
∑
Jijxixj , the displaced particles create random static forces

fi =
∑

j Jijxj0 acting on other oscillators.

In a purely harmonic case these linear forces would not a�ect the

frequencies. However, together with a local anharmonicity, the

static forces create a universal soft gap,

g(ω) ∝ ω4,

in the linear density of states.[Il'in, Karpov and Parshin].



Consider an oscillator under the action of a random static force f

performing small-amplitude harmonic oscillation near a minimum of

the potential

U(x) = Ax4/4 + Mω2
1x

2/2− fx

where ω1 is the oscillator frequency for f = 0. The force f shifts the

equilibrium position from x = 0 to x0 6= 0, given by

Ax3
0 + Mω2

1x0 − f = 0,

where the oscillator has a new harmonic frequency

ω2
new = ω2

1 + 3Ax2
0/M .



g̃1(ω1) is the distribution function of frequencies ω1

P(f ) is the distribution of random forces

Then the renormalized DOS is given by

g(ω) =

∞∫
0

g̃1(ω1)dω1

∞∫
−∞

dfP(f )δ (ω − ωnew) .



At small frequencies ω1 the small forces contribute to the

phenomenon and we can put P(f ) = P(0) and ωnew ∝ f 1/3. Taking

into account that g̃1(ω1) ∝ ω1 we get for the low frequency DOS

g(ω) ∝
ω∫

0

ω1dω1

+∞∫
−∞

δ
(
ω − af 1/3

)
df ∝ ω4.



As a result, the random static forces (together with anharmonicity)

e�ectively "push out"oscillators from the low frequency range to

higher frequencies, creating a universal soft gap,

g(ω) ∝ ω4.

Physically this means that due to local anharmonicity small

frequencies almost can't survive in a system in the presence of

random static forces.



The width of the ω4-gap is of the order of the Boson peak

frequency ωB .

The Boson peak frequency ωB is typically a little bit smaller than

the width of the whole vibrational instability region ωc



Using equation

g(ω) =

∞∫
0

g̃1(ω1)dω1

∞∫
−∞

dfP(f )δ (ω − ωnew) ,

with

P(f ) =
1

π

δf

f 2 + (δf )2
,

we can calculate the DOS at T = 0 in the whole range of ω

gtot(ω) = Const ·

√
3/2∫

0

dt

1 + (ω/ωB)6 t2(3− 2t2)2



The Boson peak



Simulated DOS in a log-log representation.

The arrows indicate characteristic

frequencies ωB and ωc
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BP as a function of ω/ωB and light

scattering data for lithium borate glasses.

The positions of Boson peak for di�erent

compositions are given in brackets
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BP in reduced units � solid line, numerical simulation �

dashed line, neutron scattering data for a-SiO2 at T=51K (•)
and for orientational glass phase of ethanol (◦), light scattering
data for a-B2O3 (+)



Two-level systems

Tunnelling amplitude D and asymmetry ∆,E =
√

D2 + ∆2

In a purely classical treatment, the oscillator vibrates in either of the

wells. According to the quantum mechanics, there is a �nite

tunnelling probability. This causes a splitting of the vibrational

levels. The lowest pair of levels constitutes a TLS

The TLSs are ubiquitous in glasses and determine their

low-temperature properties



Tunneling amplitude

D = W exp(−S/~)

S =

x0∫
−x0

√
2M[−|K |x2/2 + Ax4/4]dx

Asymmetry ∆ is associated with a static force

∆ = 2fx0 = 2f
√
|K/A|

W can be determined on experiment



Interlevel spacing E =
√

∆2 + D2

The distribution function of AHVP approach

F (E , λ) = Const

Our approach gives the distribution function

F (E , λ) = Const · L−2/3 almost independent of E

L ≡ ln
W

D

Both distributions coincide, apart from a logarithmic factor

L−2/3 weakly depending on D



In the standard tunneling model, the TLSs are often characterized

by the so-called dimensionless tunneling strength C

C =
P̄γ2

ρv 2

where P̄ is the density of states of the TLSs, γ the deformation

potential, ρ the mass density of the glass, and v the average sound

velocity. C is a small parameter. For di�erent glasses it varies

between 10−3 and 10−4.



Several authors proposed that the approximate universality and

smallness of C in glasses may be a consequence of the interaction

between the TLSs. The ith TLS produces at a distance ri a

deformation
εi =

γi

ρv 2r 3
i

, γi being the deformation potential

εi ∝ r−3
i and therefore the distribution function of deformation in

an amorphous system is a Lorenzian with width (1/r 3 → N )

δε ≈ γN/ρv 2, N being the concentration of TLSs

The variation of interlevel spacing Ei of the ith TLS is

δEi = γiε



The TLS energies are distributed in the interval

δE ≈ γ2N/ρv 2

The density of states n(E ) is independent of energy and N

n(E ) ≈ N

δE
≈ ρv 2

γ2

Thus a classical approach gives

Ccl ≈
n(E )γ2

ρv 2
≈ 1?



Quantum mechanical approach

E =
√

∆2 + D2, D = ~ωDe−λ

The tunneling parameter uniformly distributed in the interval

λmin < λ < λmax, λmin being of order of several units

Only TLSs with λ near λmin can tunnel during the time of

experiment. This is a small part of all the TLSs, so that roughly

C ≈ Ccl/λmax ≈ 1/λmax

If, for example, λmax ≈ 103 we have C ≈ 10−3



The concept of vibrational instability gives such small values for C

in a natural way

C ≈ 2

(
W

~ωc

)3

∝ J −3

They are determined by the ratio of a small energy W � interlevel

spacing in the x4 potential � and a big energy ~ωc � the width of

the vibrational instability region.

For instance, for SiO2 with W =4K, ~ωc = 100K

C ≈ 10−4



The experimental values of C and W are known for a number of

amorphous systems and one can estimate ~ωc � the width of

vibrational instability region

~ωc ≈ WC−1/3

For a-SiO2 W = 4K, C = 3 · 10−4 and ~ωc ≈ 60K.



Using the estimates ωc/ωD ≈ 1/3,W = 4K, and ~ωc=100 K, we

estimate the concentration of tunnelling systems with energies in

the range 0 < E < W and tunnelling parameter D/E ∼ 1 as

nTLS ≈ P̄W ≈ n0
ωc

ωD

(
W

~ωc

)5

L−2/3 ≈ 3 · 10−8n0

The number of active TLSs is, thus, less than 1 for 107

oscillators. This explains why the concentration of observed

TLSs in glasses is so small.

The smallness of the parameter C for TLSs in glasses is

the scarcity of those TLSs that are able to tunnel as

compared to their total number



Conclusion

We have demonstrated that both the Boson peak and

two-level systems in amorphous dielectrics can be treated

from the same basic points. Relations between these

phenomena are established.


